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Abstract: In this paper, we study the following biharmonic equations: 

j A 2 u — ciqAu + (A b(x) + b 0 )u = f(u) in R w , 

{Vx) 

where N > 3, a o, 60 £l are two constants, A > 0 is a parameter, b(x) > 0 is a potential well and 
/(f) £ C(R) is subcritical and super linear or asymptotically linear at infinity. By the Gagliardo- 
Nirenberg inequality, we make some observations on the operator A 2 —aoA + A 6 (a;) + 6 o in H 2 (EL n ). 
Based on these observations, we give a new variational setting to ( V \) for a 0 < 0. With this new 
variational setting in hands, we establish some new existence results of the nontrivial solutions 
to ('Pa) for all ao, 6 o £ R with A sufficiently large by the variational method. The concentration 
behavior of the nontrivial solutions as A —> +00 is also obtained. It is worth to point out that it 
seems to be the first time that the nontrivial solution of (Pa) is obtained in the case of ao <0. 
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1 Introduction 


In this paper, we study the following biharmonic equations: 

J A 2 u — ao Aw + V ( x)u = f(x, u) in R^, 
[u £ H 2 (R n ), 


where N > 3, a 0 £ R is a constant and A > 0 is a parameter. V(x) and f(x,u ) satisfy some 
conditions to be specified later. 

The biharmonic equations in a bounded domain are generally regarded as a mathematical 
modeling, which can describe some phenomena appeared in physics, engineering and other sciences. 
For example, the problem of nonlinear oscillation in a suspension bridge nam] and the problem 
of the static deflection of an elastic plate in a fluid [Tj. Due to such applications, the existence 
and multiplicity of nontrivial solutions for the biharmonic equations in a bounded domain have 
been extensively studied in the past two decades, We refer the readers to mmmmm and 
the references therein. Most of the literatures were devoted to the following Dirichlet-Navier type 
boundary value problem: 

( A 2 u-aAu = g(x,u) in ft, 

| u = Au = 0 on 9ft, 
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where Q C is bounded domain with smooth boundary, a > is a parameter and gi is the 
first eigenvalue of —A in L 2 (Q). In particular, the existence of sign-changing solutions to (V a ) 
was obtained in nSESEU when g(x,u) is subcritical and superlinear or asymptotically linear at 
infinity. 

In recent years, the study on Problem ED, i-e- the biharmonic equations in the whole space 
R w , has begun to attract much attention. We refer the readers to 0 e n ini ee e e and 
the references therein. In these literatures, various existence results of the nontrivial solutions to 
Problem ED were established by the variational method in the case of clq > 0. Indeed, in the case 
of ao > 0, under some suitable conditions on V(x) and f(x,u), one can give a variational setting 
to Problem ED, as the harmonic equations in the whole space, R w in the following Hilbert space 

V = {«£ H 2 (R N ) | f V + (x)u 2 dx < -poo}, 

J R N 


where V + (x) = max{R(:r), 0}, the inner product and the corresponding norm are respectively 
given by 

(u, v)v = / (AuAv + aoViiVu + V + (x)uv)dx and ||it|| = (u,u)y. 

Jm n 

Thus, the variational method can be used to find the nontrivial solutions of Problem ED, see for 
example 00EEE and the references therein. 

If ao < 0 then V with (u, v)v may not be a Hilbert space, since the bilinear operator (u, v)\> 
may not be an inner product in V for V (x) ^ 0 in general. This is quite different from the situation 
of V(x) = 0. Indeed, for example, if we consider the problem (V a ) in a bounded H C R N , then 
a can take negative value since the operator A 2 — a A is compact in L 2 (H) and the spectrum of 
A 2 — a A in L 2 (H) are the eigenvalues {/x 2 + ag-k} with the first eigenvalue g\ + ag ±, where {g-k} 
are the eigenvalues of —A in L 2 (H) with the first eigenvalue g\ > 0, so that, if a > —g\ then 
Hq (fl) (~l H 2 (n) is also a Hilbert space with the following inner product 


'j) a = / (AuAv + aVuVv)da 

Jn 


and then one can study (V a ) by the variational method under some suitable conditions on g(x , u) 
in the case of a > —g\. However, when V(x) ^ 0, the operator A 2 — aoA + V(x) in V is much 
more complex due to the potential V(x) and the spectrum of the operator A 2 — aoA + V{x) in V 
is not clear in the case of ao < 0 , also the variational setting of ED is not clear in the case of 
ao < 0. Due to these reasons, to our best knowledge, there is few study on Porblem ED for the 
case of ao < 0. Therefore, a natural question is that does Problem ED have a nontrivial solution 
for some ao < 0 and V(x) ^ 0? The purpose of this paper is to explore this question. 

We assume V(x) = X b(x) + b 0 , where b 0 G R is a constant, A > 0 is a parameter and b(x) 
satisfies the following conditions: 

(Bi) b(x) e C(B. N ) and b(x) > 0 on R w . 

(U 2 ) There exists b^ > 0 such that |£>oo| < +oo, where Boo = {x £ l w | b(x) < boo} and |Soo| is 
the Lebesgue measure of the set Boo- 

(Bo) fl = int 6 _ 1 ( 0 ) is a bounded domain having the smooth boundary dfl and H = 6 - 1 ( 0 ). 

Xb(x) is called as the steep potential well for A sufficiently large under the conditions (Bi)-(B 3 ) 
and the depth of the well is controlled by the parameter A. Such potentials were first introduced 
by Bartsch and Wang in 0 for the scalar Schrodinger equations. An interesting phenomenon 
for this kind of Schrodinger equations is that, one can expect to find the solutions which are 
concentrated at the bottom of the wells as the depth goes to infinity. Due to this interesting 
property, such topic for the scalar Schrodinger equations was studied extensively in the past decade. 
We refer the readers to 0110 0 E EH [261 and the references therein. Recently, the steep 
potential well was also considered for some other elliptic equations and systems, see for example 
US E El E E E E Ea EH] and the references therein. In particular, the steep potential well 
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was introduced to the biharmonic equations in [20] and was further studied in [281 129] in the case of 
a o > 0. For the nonlinearity, we assume that f(x,t) = f(t) and satisfies the following conditions: 

(Fx) lim t _>o = l o > 0. 

(F 2 ) There exists 2 <p <2* such that linp^oo = loo > 0, where 2* — 2N 


1 * 1 ^ 


N-2 m 


(F 3 ) is nondecreasing on 1 \{ 0 }. 


(F 4 ) There exists l* G (0,ioo] such that f(t)t — 2 F(t) > l*\t\ p and F(t) > 0 for all tel, where 
F (t) = fo f(s)ds. 

Now, under the conditions (Bx)-(B 3 ) and (F))—(F 4 ), we mainly study the following problem in 
this paper: 


A 2 u — aoAu + (Xb(x) + b 3 )u = f(u) in 


„N 


u G H z 


1 ), 


(Vx) 


In order to establish a variational framework of (V\) in the case of ao < 0, we need study the 
spectrum and Morse index of the operator A 2 — aoA + (A b(x) + b 0 ) in a suitable Hilbert space 
under the conditions (Bx)-(B 3 ). We will borrow some ideas of [7] (see also [33]) to carry on this 
study. Note that in the case of a 3 < 0, the negative part of the operator A 2 — aoA + (A b(x) + bo) is 
generated by not only (Xb(x) + bo)~ but also — aoA, where (Xb(x) + bo)~ = max{ — (Xb(x) + bo), 0}. 
Therefore, some new ideas and modifications are needed in establishing a variational framework of 
(V\) in the case of ao < 0 . 

Before we state our results, we need to introduce some notations. Let be given in the condition 
( B 3 ) and let {//&} be the eigenvalues of —A in L 2 (S1), then it is well known that 0 < < p , 2 < 

p 3 < • • • < pk < • • ■ with pk — > +00 as k — >• 00 and (f>k are orthogonal in L 2 (fl) n H^fl) and 
spanj^fc} = Hq (f2), where 4>k are the eigenfunctions of pk■ Since dfl is smooth due to the condition 
(B 3 ), it is also well known that {cj)k} C Cfi°(fl). Let F[ be the Hilbert space H 2 (fl)f]HQ (17) equipped 
with the inner product 

(u,v)h = / {AuAv + maxjao, 0}VuVu + max{&o, 0}uv)dx. 

J n 

Then span{</>fc} = H and (f>k are orthogonal in H. We re-denote {pk} by {p n } such that ~p ] < ~Pj+\ 
for all j G N. Clearly, pi = px- In the case of minjao, b Q } < 0, we denote 


kn = inf Ik G N : 


Pk + max{ao, 0 }p k + max{ 6 o, 0 } 


> 1 


( 1 . 2 ) 


max{— ao, 0 }p k + max{— bo, 0 } 
and p 0 = 0. Then the main results obtained in this paper can be stated as follows. 

Theorem 1.1 (The superlinear case) Suppose that the conditions ( Bi)-(B 3 ), ( F{)-(F 2 ) and (F 4 ) 
hold with p > 2. If either min{ao, bo} > 0 or min{ao, 60 } < 0 with 

Tk *-1 +max{a 0 , 0 }/I fc » ! +max{ 6 o , 0 } 


max{— ao, 0 }p k *-i + max{— bo, 0 } 


< 1 


then there exist positive constants Iq and A such that Problem {V\) has a nontrivial solution for 
A > A in the case of Iq <Iq. 

Theorem 1.2 (The asymptotically linear case) Suppose that the conditions (Bi)-(B 3 ) and (Fi)- 
( F 3 ) hold with p = 2. If either nhnjao, 60 } > 0 or minjao, bo} < 0 with 

pt* x + max{a 0 , 0 } 7 Z fe ._ 1 + max{ 6 0 , 0 } 

—2 -—- 2 - < 1 

max{— ao, 0 }p k *-x + max{— b 0 , 0 } 

then there exist positive constants lo, loo and A such that Problem ((Px) has a nontrivial solution 
for A > A in the cases of lo < lo and loo > loo with loo cr(A 2 — aoA + bo,L 2 (n)), where 
<r(A 2 — aoA + bo, L 2 (Tl)) is the spectrum of A 2 — aoA + bo in L 2 {TL). 
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Since Problem ( V \) depends on the parameter A, it is natural to investigate the concentration 
behavior of the solutions for A —» +oo. Our result in this topic can be stated as follows. 


Theorem 1.3 Suppose that u\ is the nontrivial solution of Problem (V\) obtained by Theorem \l.l\ 
or Theorem m Then u\ —> u * strongly in H 2 (M. N ) as A —> +oo up to a subsequence for some 
it* £ -ffg(O) O H 2 (Tl). Furthermore, u * is a nontrivial weak solution of the following equation 


A 2 u — aoAu + bou = f(u) in tt, 
u = A u = 0 on dfl. 


(1.3) 


Remark 1.1 Theorem 11.31 actually gives an existence result to m in the case of a o < —pi, 
where the nonlinearities are superlinear and subcritical or asymptotically linear at infinity. To our 
best knowledge, such result has not been obtained in literatures no matter what the nonlinearities 
are superlinear and subcritical or asymptotically linear at infinity. 

Through this paper, C and C' will be indiscriminately used to denote various positive constants, 
o n ( 1) and oa(1) will always denote the quantities tending towards zero as n —> oo and A —> +oo 
respecitvely. 


2 The variational setting 

In this section, we will give the variational setting of ( V \). Let 

E\ = {u £ H 2 (R n ) : f (A b(x) + b 0 ) + u 2 dx < +oo}, 

J 

where (A b(x) + &o) + = max{A 6 (x) + &O 7 O}. Then by the condition (I?i), E\ is a Hilbert space 
equipped with the inner product 

(u,v}\= / (AuAv + max{ao, 0}VuVu + (Xb(x) + bo) + uv)dx 

J 

1 

for all A > 0. The corresponding norm in E\ is given by ||u||a = By the condition (B 2 ) 

and the Sobolev inequality and the Holder inequality, for A > max{0, — -g- 2 -}, we have 


IMIl 2 (R n ) ^ l^oo| 2 * S 1 |I V ' u IIl 2 (RJV) + 


A&c» + bo 


I As 


( 2 . 1 ) 


where || • ||lp(rjv) is the usual norms in L P (M. N ) for all p > 1, S is the best Sobolev embedding 
constants from D 1 , 2 (R N ) to L 2 * (R N ) and given by 


S = inf{||Vu||| 2(HJV) : u £ D 1 , 2 (R N ), ||u|| 2 2 , (rJV) = 1 }. 

Let Aoo = S' -1 . If ao > 0 then by (12.11) . we can see 

ll' u llz, 2 (R iv ) — (-^-ooOo + ^ £ )\W\\x- (2-2) 

If ao < 0 then by (EH) and the Young and the Gagliardo-Nirenberg inequalities, we have 

2 


< (4^H 0 4 + 


A) 


A&oo + bo' 

where B 0 > 0 is the constant in the Gagliardo-Nirenberg inequality: 

i 1 

||Vu||z, 2 ( r W) < BollAull^R^IMI^RiV) for all u £ H 


(2.3) 


2/ws>N\ 
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Thus, by (12.21) and (12.31) . we get 
where 

C x = 


II ^11 L 2 (R JV ) — ^II u IIa> 


(2.4) 


-4ooOq + 


A&oo + bo 


4^B 0 4 + xboo + bQ , 


if ao > 0 , 
if ag < 0 . 


"oo ~T U 0 

(IQ) . together with the Gagliardo-Nirenberg inequality, implies 


l|Vu|| L 2 (R iV) < So||^'w||£ 2 ^ rN -^||m||£ 2 ^ rN ^ < BoC£\\u\\\. 


(2.5) 


Combining (12.41) and (12.51) . we deduce that E\ is embedded continuously into H 2 (R N ) for A > 
max{0, ^ a }. On the other hand, by (12.41) and the conditions (i?i)-(i? 2 ), we also have 


(A b(x) + bo) u 2 dx < max{ 0 ,- 5 0 }||u||i 2 ( R iv) < max{ 0 , - 6 0 }CJ ||u|| 


( 2 . 6 ) 


Using (Fi)-(F 3 ), we can obtain that 0 < F(t) < 2/ 0 |t| 2 + C|t| p . It follows from (12.41) (12.61) and the 
Sobolev embedding theorem that the functional £\ ( u ) : E\ —> R given by 

£\(u) = t.'Dx(u,u) - f F(x,u)dx 
2 J R» 

is well defined and it belongs to C 1 for A > max{0, — where 

'D\(u,v ) = (u,v )a - G\(u,v) 

with G\{u,v) = max{—ao, 0}(Vu, Vu) L 2 (RiV) + f RN (Xb(x) + bo)~uvdx. Furthermore, by using a 
standard argument and the conditions (F’ 1 )-(F 2 ), we can show that £\{u) is the corresponding 
functional of ( V \). In what follows, we will make some further observations on D\(u,u). 

If min{ao, bo} > 0 then G\{u : v ) = 0, which gives that V\(u, v) = (zi, v)\ for all (u, v ) £ E\ and 
then V\(u,u) is definite on E\. 

If min{ao, &o} < 0 and let 


Mo = £ H : / (max{—ao, 0}|Va | 2 + max{— bo, 0}|zz| 2 )<icc = 1 


and 



4 >i : 4 >i is the corresponding function of fij 


(2.7) 


then it is well known that Mo is a natural constraint in H and dim(A/}) < +oo for all j £ N. In 
particular, dim(.A/i) = 1 and <p i is positive on U. Moreover, let 


/3" = inf 


(|Au | 2 + max{ao, 0}|Va | 2 + max{ 6 0 , 0}|u| 2 )da;, j = 1, 2, 


( 2 . 8 ) 


where ( M= {u £ Mo ■ {u,v)h = 0 for all v £ 0 (~ ] 1 A/)}, then by spanj^fc} = H and the 
orthogonality of {(/>k} in H, we can easily see from the Sobolev embedding theorem, the Gagliardo- 
Nirenberg inequality and the method of Lagrange multipliers that 


H 2 + max{a 0 , 0 }/^- + max{5 0 , 0 } 
max{— ao, 0 }jij + max{—5 q, 0 } 


for all j £ N 


and (3j can be attained by u £ H if and only if u £ A/} D A4q. 
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Lemma 2.1 Suppose that the conditions (Bi)-(f? 3 ) hold. If 


(max{—a 0 , 0}/3°) 2 1?q — 6 0 
A > Ai ---, 

^OO 

then /3i(A) = inf^/i* ||w||| can be attained by some ei(A) G Ai\, where Ai\ = {u G E\ : Gx{u,u) = 
1}. Moreover, (ei(A), /?i(A)) satisfies the following equation 

j A 2 u — maxjao, 0}Au + (A b{x) + b 0 ) + u = /3(max{—ao, 0 }Au + (A b(x) + bo)~u), in M . N , 

\u G H 2 (R n ), 

(2.9) 

and (ei(A),/?i(A)) —> (c fii,/3i ) strongly in H 2 (M. N ) as A —>• +oo up to a subsequence. 


Proof. We first prove that /?i(A) can be attained for A > Ai. Indeed, by the Ekeland principle, 
there exists {u n } C M\ such that 

(!) IKHa = /MA)+o n (l); 

(2) \\v\\l > ||u „|| 2 - ±\\v - u„|| A for all v G M\. 

For each n G N and w G E\, by applying the implicit function theorem in a standard way and 
noting that the conditions (Bi)-(B 2 ), we can see that there exist e n > 0 and t n (l) G C 1 ([— e n , e n ]) 
with f n (0) = 1 and t' n (0) = —G\(u n ,w) such that t n {l)u n + lw G M\ for l G (0, £„]. It follows from 
( 2 ) that 

0 > \\u n \\l- \\t n (l)u n +lw\\l~ -\\(t n {l) - l)u n +lw\\x 

n 

> (1 -t„(/) 2 )||Un||A - 2 t n (l)l{u n ,w)x - ^ 2 |M| 2 - --||Un|U - — ll^llA- 

n n 

Multiplying this inequality with l~ l on both side and letting l —>• 0 + , we deduce 

0 > (2||u „|| 2 +-||u„||a) / (max{—ao,0}Vu„Vru + (Xb(x) + bo)~u n w)dx 

n jrjv 

- 2 (u n ,w)x - \\w\\x 

n 

= 2(/3i(X)G\{u n ,w) - ( u n ,w)x ) + o n ( 1). 

Since w G Ex is arbitrary, we must have 


On ( 1 ) = Pl{X)Gx{Un,Vj) - (U n ,w)x ( 2 - 10 ) 

for all w G Ex- Let Jx(u) = 5 IMI 2 — ^^-G\{u,u). Then J' x {u n )w = o„(l) for all w G Ex- In 
particular, by the choice of {u ra }, we can also see that {J'x{u n ),u n ) e* ,e x = o ra (l), where E ^ is 
the dual space of Ex and (•, -)e*,e x is the duality pairing of El and Ex- On the other hand, by 
(1), {un} is bounded in Ex- Thus, without loss of generality, we may assume that u n —>■ ei(A) 
weakly in Ex as n —> 00 . Note that Jx{u) is C 2 in Ex for A > max{0, due to the conditions 
(.Bi)—(. 62 ); we have J^(ei(A)) = 0 in E x . It follows from the Sobolev embedding theorem, the 
conditions (Bi)-(B 2 ) and similar arguments used in the proofs of (12.411 and (|2.5ll that 


o n ( 1 ) = 


> 


(Jxi u n) Jx( e l(^))> u n ei(X)) E *,Ex 

II u n - ei(A )|| 2 - /3i(A) (Gx{u n - ei(A),u n - ei(A)) 


1 - 


/3i(A) max{-q o ,0}Bg 

(A 6 oo + b 0 ) 2 


I u n - ei(A )|| 2 + o n (1). 


( 2 . 11 ) 
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Note that by the condition (B 3 ), we get 

A<A) s fcSTTw = f3 °' (2 - 12) 

It follows from (12.1111 that for A > Ai, u n —> ei(A) strongly in E\ as n —> 00 . Thus, ei(A) £ M\ 
and /3i(A) can be attained by ei(A) for A > Ai. By (12.101) . we also see that (ei(A),/3i(A)) satisfies 

m ■ 

To complete proof of this lemma, we shall show that (ei(A), Pi(X)) —> {<j> i,/3°) strongly in 
H 2 ( R n ) as A —> +00 up to a subsequence. Indeed, by (12.121) . we know that ||ei(A)||^ < /3? for 
all A > A 1; which, together with (12.dl) and (12.51) . implies that (ei(A)} is bounded in H 2 (R N ). 
Without loss of generality, we may assume that ei(A) —*• e\ weakly in H 2 (R N ) as A —> + 00 . Since 
II e i(A) ||a < Pi for all A > Ai, by the condition (Bi) and the Fatou lemma, we have 

0 = liminf > liminf / (b(x) + -y) + [ei(A)] 2 dx > [ b(x)[ei] 2 dx. (2-13) 

A—>-+oo A A—>-+oo J^n A 

It follows from the condition (B 3 ) that e\ £ Hq(Q). Thanks to the condition (B 2 ) and the fact 
that E\ is embedded continuously into H 2 {R N ) for A > max{0, we can see from (12.131) 

and the Sobolev embedding theorem that ei(A) —> e\ strongly in L 2 { R w ) as A —>■ + 00 , then the 
Gagliardo-Nirenberg inequality yields that ei(A) —> e{ strongly in H 1 ( l w ) as A —> + 00 . On the 
other hand, by the conditions (Bi)—(B 3 ), we obtain from a variant of the Lebesgue dominated 
convergence theorem (cf. [22] Theorem 2.2]) and the fact that ei(A) —$■ e\ strongly in H 1 ( R w ) as 
A —>• +00 that e\ £ Mo, which, together with the definition of /3? and the conditions (Bi)-(B 3 ), 
deduces 

lim inf/?! (A) > / (|Ael | 2 + maxjao, 0}|Vet | 2 + max{6 0 , P}\e\\ 2 )dx > /3?. 

J a 

Thus, we must have limA-H -00 Pi (A) = /3?. Now, thanks to the conditions {B\)-(B 3 ) once more, 
we can see from the weak convergence of {ei(A)} in H 2 {lSt N ) and the Fatou lemma that 

Pi = lim ||ei(A)|| 2 > / |Ae]| 2 + max{ao,0}|Ve^| 2 + max{&o,0}|e]| 2 dx > ft®. (2-14) 
A —>+00 J n 

Thus Aefc(A) —> Ae£ strongly in L 2 (R N ) as A —>• +00 since ei(A) —> e\ strongly in L 2 (R N )C\H 1 (R N ) 
as A —>• + 00 , so that ei(A) —> e\ strongly in H 2 (R N ) as A —> + 00 . Note that e\ £ H which attains 
Pi, we finally have e\ = </>±. 

Let A/a, 1 = spanju £ M\ : ||u|| 2 = /3i(A)}. Then by Lemma l2Jl we can see that ei(A) £ A/"a,i 
for A > Ai. Moreover, we also have the following lemma. 

Lemma 2.2 Suppose that the conditions ( B{)-(B 3 ) hold. Then there exists A] > Ai such that 
A/a,i = span{e i(A)} for A > A]. 

Proof. Suppose on the contrary that there exists {A„} satisfying A n —>■ +00 asn->oo such that 
A/a„,i ^ span{ei(A n )} C H 2 (R N ). It follows that there exists u( A„) £ A/a„,i satisfying u(X n ) qL 
span{ei(A n )} for all n £ N. Without loss of generality, we may assume that (u(X n ), ei(X n ))\ ri = 0 
for all n £ N. Similarity as in the proof of Lemma 12.11 going if necessary to a subsequence, 
we may get that u(X n ) = </>i + o n (l) strongly in H 2 (R N ) and f Rjv (X n b(x ) + bo) + [u(X n )] 2 dx = 
f n max{5o, 0}(/>fdx+o n (l), which, together with Lemma HTl implies that yj (A n b(x) + bo) + (u(X n ) — 
ei(A n )) = On (1) in L 2 (R n ). It follows from a variant of the Lebesgue dominated convergence 
theorem (cf. !22] Theorem 2.2]) that 

||ei(A„) - «(A n )|| 2 n = o„(l). 

Therefore, we have 

0 < 2/3? = lim (||ei(A n )||| + ||u(A„)||| ) = lim ||ei(A„) - ■u(A„)||| = 0, 

•n—' L rL r>—Von ,L 
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this is a contradiction. 

Let 

02 (A) = inf Hfi, 

where (AdlJ 1 - = {u G M\ : (u, v) x = 0 for all v G N\,i}- Then it is easy to see that /3 2 (A) > /Si (A) 
for A > Ai. Thus, /02(A) is well defined. Furthermore, we have the following lemma. 

Lemma 2.3 Suppose that the conditions (I?i)-(I? 3 ) hold and let /3$ be given in (12.81) . If 

(max{—a 0 , 0}/?2 ) 2 -Bq — 

A > A 2 := - - -, 

boo 

then /3 2 (A) can be attained for some e 2 (A) G E x . Moreover, (e 2 (A),/? 2 (A)) satisfies (12.91) and 
(e 2 (A), /3 2 (A)) —>• (e 2 ,/ 3 2 ) strongly in H 2 {R N ) as A —>• +00 up to a subsequence for some e° € A/ 2 , 
where J\f 2 is defined in m - 


Proof. For the sake of clarity, the proof will be performed through the following three steps. 

Step. 1 We prove that lim sup A _j . +00 /J 2 (A) < ft 2 - 

Let ip G A/" 2 . Then ip = ipf + ip\ , where and tp~^ are the projections of ip in and (A4{)^ 
respectively. It follows from A /" 2 C (Ad 1 ) -1 and Lemmas 12.11 and 12.21 that liniA _, +00 ||<^j)|| 2 = 
lim>_ >+00 (^, ip) x = 0 up to a subsequence. By (12.51) (12.61) . lim*_>. +0O Q\{ip x , ip x ) = 0 up to a 
subsequence. Now, using the definitions of /3 2 (A) and /3°, the conditions (i?i)-(I? 3 ) and Lem¬ 
mas we have 


lim sup /3 2 (A) 

A —y 00 


< lim sup 


Ik 


A IIA 


A—f+oo" 

lim sup 


ll¥» — ¥»a Ha 


A—/--t-oo G\{ip - tp x ,ip ~ ip x ) 

lim sup 


II^IIa- 2 (^>^a)a + IK Ha 


a—/-+ oo Gx(<p, ip) - 2G\(<P, ip x ) + G\{<p x , ip x ) 
f n |A </?| 2 + max{a 0 , 0}|V <^| 2 + max{ 6 0 , 0}|<^| 2 dir 


J n max{— ao, 0 }| V <^| 2 + max{— bo, 0 }|<^| 2 <ir 


- /?2 - 


Step. 2 We prove that for A > A 2 , /3 2 (A) can be attained by some e 2 (A) G H 2 (R N ) and 
(e 2 (A),/3 2 (A)) satisfies (12.91) . 

Indeed, by a similar argument used in the proof of Lemma |2. 11 we can show that there exists 
{u n } C (Ad ^)- 1 such that 

(!) IKIIa = 02(A)+ o n (l); 

(2) o„(l) = /3 2 (X)G\{u n ,w) - (u n ,w )a for all w G (Adj;)- 1 . 

Clearly, (1) gives the boundedness of {u n } in E x , hence we may assume that u n —*■ e 2 (A) weakly 
in E x as n —> 00 . Since {u n } C (Ad^) 2 -, we must have e 2 (A) G (Ad^)- 1 . By (2), we obtain 

0 = /3 2 (A)eA(e 2 (A),e 2 (A))-||e 2 (A)|| 2 , 


which, together with (1) and similar arguments in the proof of (12.111) . implies 


o„(l) > 


02(A) max{—a 0 , 0 }Uq A 

-i- ll. 

(A 6 oo+ 6 0 )5 J" 


W*(A)Ha + °n(l)- 


It follows from Step. 1 that u n —> e 2 (A) strongly in E x as n —» 00 for A > A 2 . Hence, by ( 1 )—(2), 
/? 2 (A) is attained by e 2 (A) for A > A 2 and (e 2 (A), 0 2 (A)) satisfies (12.91) . 










Step. 3 We prove that [u 2 {X), p 2 {X)) —> (e§,/3°) strongly in H 2 (R N ) as A —>■ +oo up to a 
subsequence for some e 2 £ A© 

Indeed, similarly as in the proof of Lemma |2~T1 we can show that (u 2 (X),/3 2 {X)) —> {e 2 ,/3 2 ) 
strongly in H 1 (R N ) (~l L 2 {WL N ) as A —» +00 up to a subsequence for some e 2 £ H. It follows from 
the conditions (Bi)-(B 3 ) and a variant of the Lebesgue dominated convergence theorem (cf. [221 
Theorem 2 . 2 ]) that e° £ Ad 0 - By Step. 1, we see that either e° £ A/i fl Ad 0 or e° £ A4 (~1 Ad 0 - If 
e 2 £ A/"i n Ad 0 then by Lemma [Til (12.141) and the Holder inequality, we have 

0= lim (u 2 (X), ei_(X))x = [ (|A0i| 2 + max{a 0 , 0}|V<Ai| 2 + max{& 0 , 0}|</>i| 2 )d:r. 

J n 

It is impossible. Thus, we must have e 2 £ A /2 fl Ado, which implies that liminfA->+oo hiX) > (3 2 , 
this, together with Step. 1, yields that limA-s.+oo h(X ) = (3 2 and e° attains (3 2 . Now, by a similar 
argument used in the proof of Lemma l2Jl we get that that 112 (A) —>■ e 2 strongly in H 2 (R N ) as 
A —> +00 up to a subsequence. 

Let A/a ,2 = spanjit £ M\ : ||u|| 2 = /3 2 {X)}. Then by Lemma [2731 we can see that 62 (A) £ A/a ,2 
for A > A 2 . Moreover, we also have the following. 

Lemma 2.4 Suppose that the conditions (Hi)-(S 3 ) hold. Then there exists A 2 > A 2 such that 
/?i(A) < (3 2 (X), A/"a,i T A/a ,2 and dim(Afx, 2 ) <dim(N 2 ) for X > A 2 . Here, we say Afx.i _L A/a ,2 
t/ie sense that (u, v)\ = 0 for all u £ A/"a,i and v £ A/a ,2 - 


Proof. Let u(X),v(X) £ A/a ,2 with n(A) ^ span{w(A)}. Without loss of generality, we may assume 
that (u(X),v(X))\ = 0. By Lemma I231 we can see that u( A) — > e! and v(X) —> e" strongly in 
H 2 (R n ) as A —>• +00 up to a subsequence for some e',e" £ A f 2 . If e' = e", then by a similar 
argument used in the proof of Lemma [2121 we can show that 0 < /3 2 = 0, which is a contradiction. 
Hence, we must have (e',e")H = 0 since (u(X),v(X))\ = 0. It follows from Lemmas 12.11 and [27H 
that there exists A 2 > A 2 such that /3i(A) < /3 2 {X), A/a,i _L A/a ,2 and dim(A/*A, 2 ) <dim(A/ 2 ) for 
A > A£. | 

Now, define /3k(X) as 

hi A) = inf ||n||| (k = 3,4, • • •), 

(M 

where (Ad^ 1 ) 2 - = {u £ Ad a : (u,v)x = 0 for all v £ ®,ti A/a,»} and A/a,* = spanjw £ Ad a : 
||u || 2 = /3j(A)}, then by iterating, we can obtain the following lemma. 

Lemma 2.5 Suppose that the conditions (Bi)-(B 3 ) hold and k £ N with k > 3. 

(1) If A > Afc := — a °'b‘ - 1 — ——, then h{X) is well defined and can be attained for some 

e/c(A) £ E\. Moreover, (efc(A), h{X)) satisfies (12.91) and (efc(A),/3fc(A)) —> (e°,/3£) strongly 
in H 2 (S. n ) as X —>• +00 up to a subsequence for some e° £ A4- 

( 2 ) There exists A£ > A& such that /3k- i(A) < f3k{X), ©Ei A/a,* _L A/a,a, and dim(Afx,k) <dim{J\Tk) 
for X > A*. 

By Lemmas 12.1112.31 and 12.51 ©Ei 1 A/a,* and (Ad^° 1 ) ± are well defined for A > AJb, where 
fcp is given by m- 

Lemma 2.6 Suppose that the conditions (Bi)-(i? 3 ) hold. If f3®*_ 1 < 1, then we have 


( 1 ) T>x{u,u) < 



= 1 - 


°a(1) 


in ©Ei 1 A/) 


A ,i} 


(2) V x (u,u) > 1- 


dfc* A) 


= 1 - 


°a(1) 


in (M k x ° X ) 
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Proof. The proof follows immediately from Lemmas 12. II 12.31 and 12.51 


Remark 2.1 By Lemmas 12.2112.41 and 12.51 we also have ©©j 1 A/"a= 0 in the case of f3® > 1 
while 7 ^ 0 and dim (®^ 1 <dim (®*!° : ^ 1 A/)) in the case of /3° < 1. 

3 The existence of nontrivial solutions 

We first consider the case of minjao, &o} < 0. Due to the decomposition of E x in this case, we will 
obtain the nonzero critical points of £\{u) by using the linking method. 

Lemma 3.1 Suppose that the conditions {B\)-{Bo ) and (Fi )-(fy) hold withp > 2 and minjao, &o} < 
0. If /92*_i < 1 and lodo < (1 — ) then there exists Ao > 0 such that 

"'0 Pic* 

K 0 

inf £\(u) > Ko and sup £\{u) < 0 
(A^° _ V n B Xpo dQ\,R 0 

for all A > Ao with some kq > 0 and Ro > po > 0 independent of X, where Ba, Po = {u £ E x : 
IMIa = Po}, Qx,r 0 = {u = v + te k * (A) : v £ ©fib} 1 t> 0, \\u\\ a < Ro} and 

_ f AIocOq 1 , if a 0 > 0 , 

0- |4 A^Bl if ao < 0. 


Proof. Since l 0 d 0 < (1 — -zv~), there exists 6 > 0 such that (1 + S)lodo < (1 — on-). By the 

Pk* Pk * 

conditions {Fi)-{F 2 ) 1 we have |F(u)| < ( 1 +^~) ; o | M | 2 _(_ C\u \ 2 for all u £ R. It follows from the 
Sobolev inequality, (IQl and m that 

£\(u) > -(T*a(w, u) — (1 + (5 0 )Zo||w||l2( R jv)) — C||u||^ 2 *( R w) 

> \{V x {u,u) - (1 + 5)l 0 C x \\u\\ 2 x ) - CS-S-Bl'C? |M|f 

= \{V x {u, u) - (1 + S)l 0 (do + o A (l)) \Hl) - CS-^Bl* {d 0 + o x {l))^ |Hf 

for all u £ E x . Using Lemma l2~Gl we get 

£x{u) >Ul-±- + o A (l) - (1 + 5)l 0 do\ M* - CS-Z < {do + oa(1))^ Mx 

\ / 

for all u £ (Ad^ 0-1 )- 1 -. Now, by a standard argument, it is easy to check that there exists AJ > A£„ 
such that 

inf £\{u) > kq 

for all A > A* with some kq > 0 and po > 0 independent of A. It remains to show that there exists 
a positive constant Rq{> po) so large that 

sup £ x (u) < 0 . 

9Qx,r 0 

for A sufficient large. Indeed, let u x £ dQ x .R be such that u x = Ru with u x £ Q Xil , then one of 
the following two cases must happen: 

(1) u x £ and ||ua||a < 1; 

(2) u x £ QxA^tx 1 ^ and ||ma||a = 1- 
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In the case (1), it follows from Lemma T2.61 and the condition (F 4 ) that £ x (Ru x ) < 0 for all R > 0 
and A > AJ. In the case (2), also by using Lemma [Till we deduce 


£ x (Ru x ) = 


< 


R 2 

R 2 


\v x {u x ,u x )~ f 

2 J R-f 


u x dx 


F(x, Ru\) 

(Ru a) 2 

F(x, Ru\) 
(Ru a) 2 



On the other hand, since u\ £ N\.i, by Lemmas 12.1112.31 and 12.51 we have u\ 

strongly in H 2 ( R w ) for some u £ A/) with 


(3.1) 
u + oa(1) 


|Au | 2 


+ maxjao, 0}|Vu | 2 + max{ 6 0 , 0}|u| 2 dx = 1, 


which together with the conditions (i 7 ’i)-(F 2 ) gives that 


F(x,Ru x )~ 2 
(Rd x ) 2 Ux 


dx = 


F(x, Ru) 
(Rd) 2 


u 2 dx + oa(1). 


(3.2) 


Clearly, 

)|u||n,o = (|Au| 2 + max{a o ,0}|Vu| 2 +max{fo o ,0}|it| 2 )dx 

k* 

is a norm in H , and note that dim( 0^ 1 A/i) < +oo, we see that there exists d* > 0 such that 



IM|n,o < d*||u|| L 2( R jv) for all u G 0 Mi. 


(3.3) 


i—1 


Now, by the condition (i^) and the Fatou lemma, there exists Rq > po independent of A such that 


F(l " Ro “). > (1 --L). 

PK 


RqU 2 


It follows from eu and m that there exist Ao > A* and such that sup^g^ Ro £ x (u) < 0 for all 
A > Aq. 


Lemma 3.2 Suppose that the conditions (Bi)-(B^,) and (i 7 i)-(i r 2 ) hold with p = 2. If 

then there exists Aq > 0 such that the conclusions of Lemma \3.1\ hold for A > Ao, where d* is given 
by (& 

Proof. Similarly as in the proof of Lemma I3TT1 we can show that there exists A 2 > A£. such that 

inf £\(u) > kq 
C M ^“Vm^ 

for all A > A 2 with some kq > 0 and po > 0 independent of A. In what follows, we will prove that 
there exists a positive constant Rq(> po) so large that 

sup £ x (u) < 0 . 

for A sufficient large. In fact, if u x £ dQ x .R is such that u x = Ru with u x £ Q X p then one of the 
following two cases must happen: 
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(1) U \ G ©f=i 1 A fx,i and ||ua||a < 1; 


(2) u x G Qa.A®^! 1 ^ and || 5 a||a = 1- 

In the case (1), it follows from Lemma T2.61 and the condition ( F 3 ) that £\(Ru\) < 0 for all R > 0 
and A > A 2 . In the case (2), by similar arguments as used in the proofs of (13.11) and Lemma E31 
we have 


£x{Ru)<R 2 (\{l^^)+ox{l)- [ 

\ Z Pk• J E» 


F(x,Ru x )~ 2 

( Ru \) 


2 u~ x dx 


and 


/ 

Jr 1 


F{x,Ru x ) 2 _ 

w v 


F(x,Ru)„ 2 

-JSsr U + x{) 


for some u G ®Ai M with 

/ (|Au | 2 + max{ao, 0 }|Vm | 2 + max{ 6 0 ,0} \u\ 2 )dx = 1. 

An 

Thanks to the Fatou lemma, we deduce from the condition (F 2 ) and (13.31) that 


F(x, Ru )_ 2 


lim . 

i?—>-+oo J^N yRuj 


(3.4) 

(3.5) 


—2 t ^ f 1 . F(x, Ru) 1 ^00 11 —112 s loo 


Since ^ > 1 — A- 7 , by (13.41) and (13.51) . there exist A 0 > A 2 and Rq > po independent of A such 
that sup a g A £\(u) < 0 for all A > Ao. 

By Lemmas l3.1l and l3T2l we know that £\(u) has a linking structure in E\ for allA > max{Ao, Ao} 
in the case of min{< 20 , 60 } < 0. By the well known linking theorem, £\{u) has a Cerami sequence 
at level c\ ((C) cx sequence for short) for all A > max{A 0 ,A 0 }, that is, there exists {ua,w} C Ex 
with A > max{Ao, Aq} such that 


£x{ux,n) = CA + o„(l) and (1 + HuaAIa^aAa,™) = o„( 1) strongly in E x . 


In the special case = 1, the linking structure is actually the mountain pass geometry and the 
linking theorem can be replaced by the well known mountain pass theorem. Moreover, due to the 
conditions (F 3 ) and (F 4 ), we can see that Cx G [min{reo, k 0 }, \ max{i?Q, 7?§}]. 

We next consider the case of min{ao, &o} > 0. 

Lemma 3.3 Suppose that the conditions (Fi)-(F 2 ) hold and min{ao,&o} A 0. Then there exists 
> 0 such that 

inffA(w) > Kq and £x{Rq4>i) < 0 

hold for A > max{0, — with some Rq > Pq > 0 and Kq > 0 independent of A in the following 
two cases: 


(a) p > 2 ; 

( b) p= 2 and l^ > l*^. 


Proof. Since V x (u,v) = {u,v)x for all (u,v) G Ex and T> x {u : u) is definite on Ex for A > 
max{ 0 , — jp-} in the case of min{ao,&o} > 0 , we can get the conclusions by similar but more 

simple arguments used in the proofs of Lemmas 13.11 and 13.21 

Due to Lemma [3731 we can see that £x(u) has a mountain pass geometry for A > max{0, — 
in the case of min{ao, &o} A 0. It follows from the well known mountain pass theorem, £x{u) has 
a (C) cx sequence for all A > max{0, —Furthermore, c A G [«q, i(f?Q) 2 (Mi + aoMi + &o)]- In 
another word, there exists A*,o > 0 such that £x(u) always has a (C% A sequence for A > A*,o and 
ca G \C,C] in both cases of min{ao, 6 o} > 0 and min{ao,&o} < 0. 
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Lemma 3.4 Suppose that the conditions (Bi)-(Bo) and (Fi)-(F 2 ) and ( F 4 ) hold withp > 2. Then 
there exist Aj > A*^ and Co > 0 independent of X such that ||ua i?1 ||a < Co +o„(l) for all X > Ai. 


Proof. By the condition (F 4 ), we have 


^n(l) A C\ A ^ (£\ (nx,n) > ^A,n) ,E\ 


z Jr n 

> l i\\uX,n\\ P LP 


( f(ux,n)ux,n ~ 2F(u X ,n))dx 


On the other hand, due to the conditions (Si)-(B 2 ), for all A > A* i0 , we get from the Holder and 
the Gagliardo-Nirenberg inequalities that 


Q\{ux,n,Ux,n) 


< max{-ao,0}So||AuA,n||z,2(RJV)||uA,n||L2( R JV) 

p — 2 2 

+ max{- 6 0 , 0 }|S oo |~||uA,n|| iP(R N) 

2 p — 2 

< max{—ao, 0}_Bg |H 

OO | 2p ||AMA,n||L2( R N)||MA,n||iP(RW) 

+ max{-a 0 ,0}-Bg( 1 )^||-»A,»|ll + max{-6 0 , OjlBool 2 * - ||uA,n||ip( R JV) 

AOoo 0 0 

< +max{-a o ,0}Hg( Afe ^ ^ )^)||uA,n||| 

+(2max{-a o ,0} 2 Hg + max{-6 0 , ODIBool^p - Hua^Hlp^)- 


It implies from the conditions (B 2 ), (i 7 i)-(F 2 ) and the Holder inequality that for all A > A*^, 

I J ^F(ux,n)dx\ < 2Zo||uA,n|li2( R AT) + C||uA,n || ( R iV) 

— fff ~ _|_ ^ ll«A,n||A + 2Zo|Soo| p ||wA,n|liP( R JV) + C , ||wA,n||^,p( R JVp 

Now, we can see from £x(ux, n ) = Ca + o n (l) that 

(2 + °a(1))|| u A,t(||a — C ,c A + o n (l). 

Note that ca £ [C, C"], there exist Ai > A * i0 and Co > 0 independent of A such that ||ua, 7 i||a A 
Co + o„(l) for all A > Ai. 


Lemma 3.5 Suppose that the conditions (Bi)-(Bo) and (Fi)-(Fs) hold with p = 2 . If loo £ 
er(A 2 — aoA + bo, L 2 (tt)), then there exists Ai > A*^ such that {ua,™} is bounded in Ex for all 
A > Ai. 


Proof. Suppose on the contrary that there exists a subsequence of {«A,n}, which is still denoted 
by {rtA.n}, such that ||rtA,n||A —> +00 as n —¥ +00. Let wx,n = ■ Then without loss of 

generality, we may assume that wx, n — L uix,o weakly in Ex for some wx,o £ Ex as n —¥ 00. 

Claim 1 : There exists A 3 > A * j0 such that wx,o 7 ^ 0. 

Indeed, if wx,o = 0, then by Remark l2Jl we can see that wf n —¥ 0 strongly in Ex with A > A*,o 
as n —¥ 00, where wf n is the projection of wx,n in (£)/=i 1 -Xfx,i- It follows from Lemma T2.61 that 

Vx(wx,n,wx,n) > ^1 - + 0 A (1)J ||w+„||^ + 0 „( 1 ), (3.6) 
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where w x = w\ >n — w Xn . On the other hand, thanks to the conditions {F 2 )-(F-$), we see from 
(1 + Wu\,nW\)£'x{u\,n) = o n (1) strongly in E% that 


'D\(w\, n ,W\,n) = O n { 1) + 


w \,n^ x — °n( 1) + ^oo || w .\,n || L 2 (R N ) > 

^A,n 


which, together with the Sobolev embedding theorem, the fact that E\ is continuously embedded 
into H 2 (M. n ) for A > max{0, and the condition (S2), implies that 


'D\(w\ tn ,wx,n) < 


4 L 


A b n 


w 


A ,n 


On(l). 


(3.7) 


Thanks to Lemma [231 we can deduce from (13.61) and (13.71) that there exists AJ > A* j0 such that 
w Xn —>• 0 strongly in E x as n — > 00 for A > A3, which is inconsistent with ||nJA,n|U = 1 for all 
n £ N. 

Claim 2: There exists A| > A3 such that w x ,n — > w\,o strongly in E x as n —>■ 00 for A > A| 
up to a subsequence. 

In fact, let <2a,o = {x £ R N : w x ,o 7^ 0}, then \ux, n \ — » +00 as n —>■ 00 on Qa,o- It follows from 
the conditions ( F 2 )-(F 3 ) and a variant of the Lebesgue dominated convergence theorem (cf. [22] 
Theorem 2.2]) that 


lim / 

n->°o J RJV 


f{ux,n)v 

IK.Ja 


dx 


r / f( u \n) j 

lim / - W\,nVXQ xo dx 

n “ > °° Jwl n u \,n 


looWXfiVdx 


for every v £ H 2 (R N ). Since Wx,n —*■ w x ,o weakly in E x as n 00, due to the fact that E x is 
continuously embedded into H 2 ( R w ) for A > max{0, we have that lim„_>. 00 V x (wx,m v) = 
T>x{wx,o,v) for all v £ H 2 (S. N ). Thus, w Xt o £ H 2 (SL n ) satisfies the following equation in the weak 
sense: 


A. 2 wx,o ~ a 0 Awx,o + (Xb(x) + b 0 )wx,o = loowx,o, in t^. (3.8) 

Let I x (u) = 7 }(Vx(u,u) — 2 oo|MIl 2 ( K jv) 2). Then I' x (wx y o) = 0 in E x . Now, by Remark HO and a 
similar argument used in the proof of (12.111) . we have 


,(1) = ( 


£a( U A ,n) 


|«A,n||A 

> II- 


- r x (wx,o),Wx, n - WX,o)e*E x 


+ Oa( 1 )) ||wA,n - WA.oIIa + °n(l) - [ |wA,ra - W X,o\ 2 dx 

'fc» J Js. N u \,n 


f ^ f(u\,n) _ _ WXi0 )wx,odx. 

JrN Ux,n 


(3.9) 


Note that (wx, n —wx,o)u’\,o = o„(l) strongly in L 1 (M. N ). By the conditions (T^)-^), the Sobolev 
embedding theorem and a variant of the Lebesgue dominated convergence theorem (cf. [22] The¬ 
orem 2.2]), we can see that 


[ f( Ux ’ n ^ \wx,n - wx,o\ 2 dx + f - ; oo )(w A , n - Wx,o)w \,0 dx 

Jl« u x,n JrN Ux,n 

l 


< 


A b n 


00 


■||^A,n - Wa,o||a + 0„(1). 


(3.10) 


Combining (EH and (13.101) . we must have that there exists A| > A3 such that w x , n —>• »a,o 
strongly in E x as n —> 00 for A > AJ. 

Claim 3: w x ,o — > Woo.o strongly in iL 1 (R JV ) as A —» +00 up to a subsequence for some 

Woo,o £ H which satisfies the following equation in the weak sense: 


A- 


Wr 


3,0 &oAmoc,o T &o^oo,o ^oo^oo, 0 ; )ri H- 


(3.11) 


14 
















Indeed, since ||wA,n|U = 1, by (12.41) and (12.51) and a similar argument used in the proof of 
Lemma cm we can show that u>a,o —*• Woo,o weakly in H 2 (R N ) and wa,o —► u>oo ,0 strongly in 
H 1 (R n ) for some Woo,o G H with Woo,o = 0 outside Q as A —> +oo, up to a subsequence. It follows 
from (13.81) that Woo,o G H satisfies (13.111) in the weak sense. 

Now, multiplying respectively (13.111) and (13.81) with w^o and w \,o, and integrating, we can see 
that 


||Aw 00> o|| i 2( R N) + cto II V^oo,o||i2(H w ) + &o||w 0 o,o|Il 2 (R-' v ‘) 

< lim (||wa,o||a + G\(w\,o, w\ 0 )) 

A—>+oo 

= Zqo lim II w; a,o|Il 2 ( R n') 

= Z 0 o||Woo,o|lx, 2 ( R JV) 

= || Aw oo ,0 IIl 2 (R n ) + ao||VWoo, 0 Hi , 2 ( M 2V) + 6o||Woo,o|li2( R JV). 

Hence, f RN Xb{x)w\ 0 dx = oa( 1) and wa,o —► w oo,o strongly in H 2 (R N ) as A —> +oo up to a 
subsequence. Therefore, by Claim 1 and Claim 2, ||woo,o||o,o = 1, which gives Woo.o ^ 0. It 
follows from Claim 2 that l^ € a( A 2 — aoA + b o, L 2 (fl)), which contradicts the assumption that 
Zoo ^ cr(A 2 — aoA + bo, L 2 (fi)). Thus, there exist Ai > A* ;0 such that {wa,™} is bounded in E\ for 
all A > Ai. | 


Remark 3.1 Since span{</>fc} = H and (f>k are orthogonal in H , it is easy to show that cr(A 2 — 

«oA + bo, L 2 (Sl)) = {^( 2 + ao/ife + bo}. 

Now, we can give the proofs of Theorems I l.llfL3l 

Proof of Theorem 11.11 By Lemma f3. 41 u\^ n — *■ ma,o weakly in E\ with A > Ai as n — > oo up 
to a subsequence. Without loss of generality, we may assume that ma,™ —*• ma,o weakly in E\ with 
A > Ai as n — >• oo. Since £\{u) is C 1 , it is easy to see from the fact that {«a,„} is a ( C) cx sequence 
that £' x (u\ y o) = 0 in E^ with A > Ai. It remains to show that ma,o 0 in E\ for A sufficiently 
large. Indeed, if ux,o = 0, then by the conditions (Bi)-(B 2 ) and ( Fi)-(F 2 ) and the the Sobolev, 
the Holder, the Gagliardo-Nirenberg inequalities and the fact that E\ is embedded continuously 
into H 2 (R N ) for A > max{0, ^ a } that 


G\(ux,n,u\,n) < max{-ao, 0 }So||AuA,n||L 2 (RN)||wA,n||L 2 ( R JV) + 0 „( 1 ) 


< max{— ao, 0}B 2 ( ( 


A b, 


and 


| / F{v l \^ n ')dx\ A 2Zo||uA,n||^2(' R Ar') T CjlriA,', 
J E» 


'OO T UQ 


HiP(RJV) 


) 2 + 0„(1) ) ||uA,n||i + °n(l) 


— 2Zq((^^ ^ ) 2 || u A,n|| A "b O n (l) ) + C* 11 Aua,ti || i 2 ( R JV) ||wA,n || £2( R JV) 


< 2Z 0 ( 


^oo -r 0 0 
1 

A&oo + bo 


) 2 II^A.n || A + O n (l) ) + C ( ( 


1 


A6oo + bo 


) T +o n (i) IK 


>>"■11 A> 


which, together with (£\(u\ tn ),u\^ n }Ei,E x = o n (l) and Lemma I5~H yields that there exists A > Ai 
such that MA,n — > 0 strongly in E\ with A > A as n —> oo. It follows that Ca = 0 for A > A. It is 
impossible since Ca > G > 0 for all A > Ai. 

Proof of Theorem 11.21 If we can show that {ua,™} is uniformly bounded in E\ as Lemma [3~i1 
in this case, that is, there exist A2 > Ai and Co > 0 independent of A > A2 such that ||uA,n||A < 
Co + o n ( 1) with A > A 2 , then we can follow the proof of Theorem 11.11 to obtain the conclusion. 
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In fact, by Lemma RT5l there exists C\ > 0 such that ||uA,n|U < C\ for all neN with A > Ai. 
If C\ —» +oo as A —> +oo up to a subsequence, then there exists X m —> +oo as m —>• oo and 
n m £ N such that ||uA m n m ||A m —>■ +oo as m —>• oo. Let w m = .. —, then without loss 

of generality, we may assume that w m —*■ wq H 2 (S, n ) as m —» oo for some wq £ H 2 (R N ) due 
to (12.411 and (1231) . Now, by using similar arguments in the proof of Lemma 13.51 we can show 
that wq is a nontrivial weak solution of (13.111) . which is inconsistent with the assumption that 
loo £ <r(A 2 - a 0 A + b 0 ,L 2 (tt)). | 

Proof of Theorem 11.3b Suppose that u\ is the nontrivial solution of ( V \) obtained by Theo¬ 
rem D or Theorem O with A large enough. We can see from Lemma [531 and the proof of The¬ 
orem [L 2 ] that ||ua||a < Co f° r all A with some Co > 0 independent of A. Now, similarly as in the 
proof of Lemma 1331 we can show that u\ —>• u* strongly in H 2 (R N ) as A —> +oo for some u* £ H 
with u* = 0 outside f 2 , up to a subsequence. Furthermore, we also have A f RN b(x)u 2 dx = oa( 1 ) 
and F'{u*) = 0 in H*, where H* is the dual space of H and 

^( u ) = 7: [ (|Au| 2 + ao|Vu| 2 + b 0 u 2 )dx — f F{u)dx. 

2 Jn J n 

Note that £\(u\) = c\ > C > 0 for all A > max{Ai, Ai}, we must have it* ^ 0 in H. Thus, u* is 
a nontrivial weak solution of m- 
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